Abstract. In this paper, we will show that any geometric Lorenz flow in a definite class satisfies the parameter-shifted shadowing property.
• For any L ∈ L and any ε > 0, there exist µ > 0 and δ > 0 such that any δ-pseudo orbit of the Lorenz map L µ with L µ (x, y) = L(x, y) − (µx, 0) is ε-shadowed by an actual orbit of L. The strict description of L is given in the next section. In the case when any elements in a one-parameter family {f µ } µ∈I are naturally defined maps, 'PSSP for f = f 0 ' means that any δ-pseudo-orbit for f is ε-shadowed by an actual orbit of f µ for some µ ∈ I. This idea was first introduced by CovenKan-Yorke [5] and Nusse-Yorke [15] in some one-dimensional dynamics. See also Kiriki-Soma [8] for PSSP for Lozi maps. In the present case, L µ 's other than the original L are artificially defined maps. We wish here to describe actual orbits of the given map L as accurately as possible but not those of auxiliary maps L µ , µ > 0. Thus, we adopt as our definition of PSSP for L that any δ-pseudo-orbit for L µ is ε-shadowed by an actual orbit of L.
As an application of Theorem A, we have the following result, which is our main theorem.
Theorem B Any geometric Lorenz flow controlled by a Lorenz map L ∈ L has the parameter-shifted shadowing property.
See the next section for the definition of the parameter-shifted shadowing property of Lorenz flows.
Preliminaries
Let Σ ± denote the components of Σ\Γ with Σ ± ∋ (±1, 0). A map L : Σ\Γ −→ Σ is said to be a Lorenz map if it is a piecewise C 1 diffeomorphism which has the following form L(x, y) = α(x), β(x, y) , . Now, we introduce the notion of the shadowing property for Lorenz planar maps.
Definition 2.1. For δ > 0, a sequence {x n } n≥0 ⊂ Σ is called a δ-pseudo-orbit of a Lorenz map L if |L(x n ) − x n+1 | ≤ δ for any integer n ≥ 0. Here, we suppose that if x n ∈ Γ, then x n+1 is contained in one of the δ-neighborhoods of v + and v − . (ii) For any ε > 0, there exist δ > 0 and µ ∈ I such that any δ-pseudo-orbit {x n } n≥0 of L µ is ε-shadowed by an actual orbit of L, i.e. there exists a z ∈ Σ \ Γ such that
When the parameter of {L µ } µ∈I is fixed, i.e. I = {0}, the definition of PSSP is identical to that of the original (parameter-fixed) shadowing property given in [2] . According to Komuro [9, Theorem 1] , L has the parameter-fixed shadowing property only when α(1) = 1, see also [16] . In our case, since α(1) < 1 by (2.1), any Lorenz map L does not have the original shadowing property.
We are mainly concerned with Lorenz maps L(x, y) = (α(x), β(x, y)) satisfying the following extra conditions (2.2)-(2.4).
These conditions are not so severe, and it is not hard for us to construct various Lorenz maps satisfying them practically. In the condition (2.2), we took the concrete value 3/(4 √ 2) in order to simplify the proof of the theorem below. In fact, one can prove the theorem under the weaker assumption:
The following is the precise statement of Theorem A.
Theorem 2.3 (PSSP for Lorenz planar maps)
. Any Lorenz map L with the conditions (2.2)-(2.4) admits a one-parameter family {L µ } µ∈I ,
satisfying the parameter-shifted shadowing property. Precisely, for any ε > 0, there exist δ > 0 and µ ∈ I so that the following (i) and (ii) hold.
Let us identify Σ with (x, y, 1) ∈ R 3 ; |x|, |y| ≤ 1 , and Γ with (0, y, 1) ∈ R 3 ; |y| ≤ 1 . A C 1 -vector field X L on R 3 is said to be a geometric Lorenz vector field controlled by a Lorenz map L : Σ\Γ −→ Σ if it satisfies the following conditions (i) and (ii).
(i) For any point (x, y, z) in a neighborhood of the origin 0 of R 3 , X L is given by (ẋ,ẏ,ż) = (λ 1 x, −λ 2 y, −λ 3 z), where λ i are positive numbers satisfying λ 3 < λ 1 < λ 2 . Moreover, Γ is contained in the stable manifold W s (0) of 0. (ii) All forward orbits of X starting from Σ \ Γ will return to Σ and the first return map is L. Note then that 0 is a singular point (an equilibrium) of saddle type, the local unstable manifold of 0 is tangent to the x-axis, and the local stable manifold of 0 is tangent to the yz-plane as shown in Fig. 2 
3 is homeomorphic to the genus two solid handlebody as illustrated in Fig. 2 , which is called a trapping region of ϕ L and denoted by T ϕL or T L . Any forward orbit for ϕ L with an initial point in T L can not escape from T L . The invariant set t≥0 ϕ L (T L , t) for X L does not have any continuous hyperbolic splitting at 0, but it belongs to an essential class called singular hyperbolic, which is studied extensively from various approaches by Morales, Pacifico and others, see for details [3, 4, 11, 12, 13, 14] . Now, we introduce the notion of PSSP for Lorenz flows. (i) A sequence {x n } n≥0 in T ψ with x 0 ∈ Σ is a (δ, τ )-pseudo-orbit for the flow ψ if there exists a sequence {τ n } n≥0 such that, for any n ≥ 0,
For each n ≥ 0, we set
and call {Ψ n } n≥0 the (δ, τ )-chain for ψ associated to {x n } n≥0 (or more strictly to {x n ; τ n } n≥0 }).
(ii) The (δ, τ )-chain {Ψ n } n≥0 is said to be ε-shadowed by a flow ϕ if there exists a point y ∈ Σ and a surjective
Then, we also say that {Ψ n } n≥0 is ε-shadowed by ϕ with ϕ(y, t); t ≥ 0.
Remark 2.5. In Definition 2.4 (i), the upper bound condition τ n ≤ 2τ is not essential, but added for our convenience. When τ n > 2τ for some n,
Then, the expanded sequence of {x n } n≥0 obtained by adding the entries x The following is the precise statement of Theorem B. Remark 2.8 (Absence of strong PSSP for Lorenz flows). Our PSSP for Lorenz flows is the weak one in the sense of Definition 3 in [9] . We say that a (δ, τ )-chain
4 satisfies the extra condition: |h ′ (t) − 1| < ε for any t ≥ 0. However, any ϕ L as in Theorem 2.7 has a constant ε = ε(L) > 0 such that, for any δ, τ > 0 and any µ ∈ I (possibly µ = 0), there exists a (δ, τ )-chain for ϕ Lµ which is not strongly ε-shadowed by any actual flow of ϕ L . This implies that ϕ L does not have the strong PSSP. In fact, one can define a (δ, τ )-pseudo-orbit {x n } n≥0 in T Lµ for ϕ Lµ such that, in a small neighborhood of 0 in R 3 , the sequence satisfies x n0 = x n0+1 = · · · = x n0+m for an arbitrarily large m ≥ 0. Such a sequence {x n } n≥0 is not strongly ε-shadowed by ϕ L . The proof is elementary but somewhat tedious, so we will omit it. 
PSSP for Lorenz planar maps
By the condition (2.3), there exists 0 < η 0 < 1 such that, for any interval
For any ε > 0, we set
Proposition 3.1. The map α = α ε1/3 satisfies the following (i) and (ii).
Consider any infinite δ-pseudo-orbit {x n } ∞ n=0 of α. Let l 0 be the closed interval in R with o(l 0 ) = x 0 and |l 0 | = 2ε 1 , where |l 0 | is the length of l 0 and o(l 0 ) is the center of l 0 . For the proof of Proposition 3.1, we will define a certain sequence of closed intervals {l n } n≥0 in [−1, 1] with Intl n ∩ {0} = ∅ and α(l n ) ⊃ l n+1 , where the notation Intl n means the interior of l n .
Suppose first that
in the figure means that the length between the corresponding points is at least √ 2ε 1 (resp. at most ε 1 /3). These rules are applied in any figures below.
Since |x 1 − α(x 0 )| ≤ ε 1 /100, the distance between x 1 and either end point of 
is at least
for any x ∈ (0, 1], the length of the interval
Thus, the closed interval l 4 with |l 4 | = 2ε 1 and o(l 4 ) = x 4 is contained in Intα 3 (l 1 ). Set l 2 = α(l 1 ) and l 3 = α(l 2 ). Then, |l 2 | < |l 3 | ≤ 2 2 |l 1 | < 6ε 1 and, for i = 1, 2,
In particular, for any y ∈ l i , |y − x i | ≤ 6ε 1 + 1.1ε 1 < 8ε 1 . Now, for any given {x n } ∞ n=0 of α, we get the sequence of closed intervals {l n } n≥0 with Intl n ∩ {0} = ∅ and α(l n ) ⊃ l n+1 , For any n ≥ 0, we set l
(iv) For any n ≥ 0, α(l n ) contains l n+1 and there exists m > n with l
The proof of Proposition 3.1 follows easily from Lemma 3.2. 
Proof of Proposition 3.1. (i) Since
where the ' √ 2' of √ 2ν is derived from the fact that the maximum of u + v is √ 2 under the assumption of
. The proof of (ii) is done similarly by using Proposition 3.1(ii).
PSSP for Lorenz flows
In this section, we will prove Theorem 2. 
Let us fix 0 < ε < 1 arbitrarily and determine constantsδ,τ > 0 andμ ∈ [0, µ 0 ] such that any (δ,τ )-chain for ϕμ is ε-shadowed by ϕ.
4.1.
Interpolated chains and crossing sequences. Throughout the remainder of this section, fixτ > 0 so that, for any x ∈ Σ and µ ∈ [0, µ 0 ], ϕ µ (x, (0, 5τ ])∩Σ = ∅. Let {x n } n≥0 be a (δ,τ )-pseudo-orbit for ϕ µ , i.e. |x n+1 − ϕ µ (x n , t n )| ≤ δ for some {t n } n≥0 withτ ≤ t n ≤ 2τ and x 0 ∈ Σ. Let {Φ µ;n } n≥0 be the (δ,τ )-chain for ϕ µ associated to {x n } n≥0 , i.e. Φ µ;n = ϕ µ (x n , [0, t n ]). When ϕ µ (x n , t n ) = x n+1 , σ n is the open segment in R 3 whose closure connects ϕ µ (x n , t n ) with x n+1 , and otherwise σ n = ∅. SetΦ µ;n = Φ µ;n ∪ σ n . and call {Φ µ;n } n≥0 the interpolated (δ,τ )-chain for ϕ µ associated to {x n } n≥0 (or more strictly to {x n , t n } n≥0 ). Let U be a small neighborhood of the origin in R 3 with U ∩ Σ = ∅. When Φ µ;n is contained in U , Φ µ;n may have an arbitrarily small length. On the other hand, Φ µ;n 's not contained in U have lengths bounded away from zero. Thus, there exists δ 0 > 0 such that, for any Φ µ;n with Φ µ;n ∩ Σ = ∅, the length of Φ µ;n is greater than 3δ 0 . This assumption is crucial in our argument below. In fact, it guarantees that, if 0 < δ ≤ δ 0 , the union n≥0Φ µ;n of any interpolated (δ,τ )-chain contains no jagged subsets intersecting Σ zigzag. So, we suppose from now on that 0 < δ ≤ δ 0 .
Let {n i } i≥0 be the strictly monotone increasing sequence with n 0 = 0 and such that {n i } i≥1 consists of all positive integers n withΦ µ;n ∩Σ = ∅ andΦ µ;n−1 ∩Σ = ∅. Definition 4.1. For each n i ≥ 0, the crossing point y i ofΦ µ;ni is a unique point of Φ µ;ni ∩ Σ if Φ µ;ni ∩ Σ = ∅, see Fig. 6-(a) , otherwise y i is a point of σ ni ∩ Σ, see Fig. 6-(b) . The {y i } i≥0 is called the (δ,τ )-crossing sequence for ϕ µ associated to {x n } n≥0 . Figure 6 . In the case (a), both Φ µ;ni , Φ µ;ni+1 meet Σ nontrivially. But, the crossing point of Φ µ;ni+1 with Σ is not an element of {y i } i≥0 , i.e. n i+1 > n i + 1.
Remark 4.2. We note that a (δ,τ )-crossing sequence {y i } i≥0 for ϕ µ is in general not a pseudo-orbit for L µ even if δ > 0 is very small. The crucial part in our proof of Theorem 2.7 is to show that {y i } i≥0 is approximated by a pseudo-orbit {w i } i≥0 for L µ , which in turn is approximated by an actual orbit {L i (z)} i≥0 of L by Theorem 2.3.
4.2.
Proof of Theorem 2.7. For any (δ,τ )-crossing sequence {y i } i≥0 for ϕ µ , the broken subsegment in n≥0Φ µ;n connecting y i with y i+1 is denoted by y i , y i+1 δ µ . In the case when {y i } i≥0 is a finite sequence {y i } m i=0 , y m , − δ µ is the broken forward ray in n≥0Φ µ;n emanating from y m .
For any z ∈ Σ\Γ and µ ∈ [0, µ 0 ], let τ µ;z > 0 be the number with ϕ µ (z, (0, τ µ;z ))∩ Σ = ∅ and ϕ µ (z, τ µ;z ) ∈ Σ, that is,
2 × {η}. Note that ∂ side Π(η) (resp. ∂ top Π(η)) consists of two vertical rectangles (resp. a single horizontal square) in Π = Π(1), see Fig. 7 . Since any (δ,τ )-pseudo-orbit {x n } n≥0 for ϕ µ is taken in the trapping region T ϕµ (see Definition 2.4), n≥0Φ µ;n ∩ ∂Π(η) is contained in ∂ top Π(η) ∪ ∂ side Π(η) for any small η > 0, which is suggested by Fig. 2 and Fig. 7 . x, e −λ2t y, e −λ3t z) for some Fig. 8 . Then, there exists 0 < δ 1 ≤ min{η 0 , η 1 /2} such that, for any interpolated (δ 1 ,τ )-chain {Φ µ;n } n≥0 , ifΦ µ;n ∩∂ side Π(η 0 ) = ∅, theñ Φ µ;n+2 ∩Π(η 0 ) = ∅. Intuitively, this means that the chain {Φ µ;k } k≥n eventually goes away from Π(η 0 ) ifΦ µ;n ∩ ∂ side Π(η 0 ) = ∅, see Fig. 9 . Similarly, one can choose the
Since ϕ µ has no singular points in T µ \ Π(η 0 ), there exists s 0 > 0 such that, for any z ∈ Σ \ Γ and µ ∈ [0, µ 0 ], τ µ;z − t µ;z < s 0 . From this, we know that, for any interpolated (δ 1 ,τ )-chain {Φ µ;n } n≥0 , there exists the number of n's with n i ≤ n ≤ n i+1 such thatΦ µ;n is not wholly contained in Π(η 0 ), and is bounded by a constant independent of z ∈ Σ \ Γ and µ ∈ [0, µ 0 ]. Then, one can choose 0 < δ 2 ≤ δ 1 , 0 < µ 1 ≤ µ 0 , 0 < ε 1 < 1 such that, for any (δ 2 ,τ )-crossing sequence Fig. 10 . This shows the assertion (i).
(ii) The proof is quite similar to that of (i). Suppose that 0 < µ ≤ µ 1 and
is a finite (δ 2 ,τ )-crossing sequence for ϕ µ . From the argument in (i),
By Theorem 2.3, there existμ ∈ (0, µ 1 ] and ξ 0 > 0 such that any ξ 0 -pseudo-orbit for Lμ is ε 1 /2-shadowed by an actual orbit for L. From now on, we fix aμ > 0 satisfying this condition and suppose that any pseudo-orbits and crossing sequences are those for ϕμ. Here, one can suppose that the ξ 0 is less than ε 1 .
Proof of Theorem 2.7. First, let us consider the case when crossing sequences associated with a pseudo-orbits are infinite. We will show that there exists 0 < Figure 10 . The points u ± represent ϕ(z i , υ ± ).
δ ≤ δ 2 such that, for the infinite crossing sequence {y i } i≥0 associated with a (δ,τ )-pseudo-orbit {x n } n≥0 , there is an infinite sequence {w i } i≥0 in Σ which is a ξ 0 -pseudo-orbit for Lμ satisfying (4.1)
for any i ≥ 0. Note that any flow of ϕμ emanating from 0 tends toward either v + or v − . Take 0 < η 2 ≤ η 0 such that, for any z ∈ Π(η 2 )\Γ, the first crossing point of ϕμ(z, t); t > 0 with Σ is contained in either N ξ0/3 (v + , Σ) or N ξ0/3 (v − , Σ). There exists 0 < δ 3 ≤ δ 2 such that, for any (δ 3 ,τ )-crossing sequence {y i } i≥0 , if y i , y i+1 δ3 µ ∩ Π(η 2 ) = ∅, then y i+1 is contained in either N ξ0/2 (v + , Σ) or N ξ0/2 (v−, Σ). Then, we have 0 < ξ 1 ≤ ξ 0 /4 and 0 < δ 4 ≤ δ 3 such that, for any (δ 4 ,τ )-crossing sequence {y i } i≥0 , In this case, y i , y i+1 δ µ may intersect withΓ non-trivially. Then, it can happen that y i+1 ∈ N ξ0/2 (v ι , Σ) and Lμ(y i ) ∈ N ξ0/2 (v −ι , Σ) for some ι ∈ {+, −}, see As was shown in the argument of Case 2, |w i+1 − y i+1 | ≤ 2ξ 1 . Since y i = w i , the inequality (4.2) implies |Lμ(w i ) − w i+1 | ≤ |Lμ(y i ) − y i+1 | + |y i+1 − w i+1 | < ξ 0 /2 + 2ξ 1 ≤ ξ 0 .
By Cases 1-3, {w i } i≥0 is a ξ 0 -pseudo-orbit of Lμ satisfying (4.1). By Theorem 2.3 (i), there exists z ∈ Σ \ Γ with ∞ i=0 L i (z) ∩ Γ = ∅ and such that {L i (z)} i≥0 ε 1 /2-shadows {w i } i≥0 . Since |y i − L i (z)| ≤ |y i − w i | + |w i − L i (z)| < ε 1 , by Lemma 4.3 (i), the (δ,τ )-chain {Φμ ;n } n≥0 associated to {x n } n≥0 is ε-shadowed by the actual orbit ϕ(z, t); t ≥ 0.
Next, we consider the case when crossing sequences associated with (δ 2 ,τ )-pseudo-orbits is finite. By the argument as above, we have 0 <δ ≤ δ 2 such that, for the finite crossing sequence {y i } . Then, by applying Lemma 4.3 (i) (m − 1)-times and (ii) once, one can show that the (δ,τ )-chain {Φμ ;n } n≥0 associated to {x n } n≥0 is ε-shadowed by the actual orbit ϕ(z, t); t ≥ 0. This completes the proof of Theorem 2.7.
